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Ahhotai;h5!. B flaHHoft pa6oTe bbo^htch HecuMMeTpiiHHBiii onepaTop 0606- 
meHHoro CflBHra, c ero noMOinBio onpe^ejiHeTCH o6o6meHHBiit MO^yjiB rjiaflKO- 
cth h /tjih Hero flOKa3BiBaeTCH npainaa ii o6paTHaa TeopeMBi Teopiin npn6jiH- 

JKeHHH. 



Abstract. In this paper an asymmetrical operator of generalised translation 
is introduced, the generalised modulus of smoothness is defined by its means 
and the direct and inverse theorems in approximation theory are proved for 
that modulus. 

1. BBEflEHHE 

fljisi 27r-ncpHOflH T iecKHX cpyHKiprii xopoino H3BecTHBi cbabh MejK^ry r-HM o6i>n- 
hbim MOflyjieM rjiaflKOCTH ui r (f, <5) p * cpyHKiniH / € L plf c ee HaiijiyHHiiiMii npn6jiHJKc- 
hhhmh £ , n (/) p * TpnroHOMeTpinecKHMH iiojihhomclmh nopaflxa He Bbinie neM, n — 1: 

C X E n {f) p * < U r ( f, -) <C 2 ^;jrV r - l E v {f) p *, (1.1) 



i/=i 



r^e C\ h C*2 — nojioJKHTejiBHBie nocTOHHHbie, He 3aBHCHiHHe ot / a n (n £ N). 

Ilpn paccMOTpeHHH Henepiio^HHecKHx (pyHKniift, 3a,n,aHHBix Ha KOHe^HOM 0Tpe3- 
Ke BemecTBeHHOfi och, ysce He y^aeTCH nojiyHHTB Taxne jkb cbh3h Meayry o6bi x i- 

HBIMH MOflyjIHMH TJia^KOCTH 3THX CpyHKHHH H HX HaHJiyHHIHMH npH6jIHJKCHHHMH 

ajire6paH x iecKHMH MHoronjienaMH. 

O^naKO nojiHaa aHajiorna c 2tt nepHO/nraecKHM cjiynaeM HMeeT MecTO Tor^a, 
Korfla o6bihhbih MOflyjiB rjiaflKOCTH 3aivreHeH o6o6iHeHHBiM MO/ryjieM rjia^KOCTH (cm. 
HanpHMep 0121 El C|). 

B STOfi pa6oTe ,ii;0Ka3i>iBaeTca aHajior HepaBeHCTBa (jl.ll) pjisi r-ro o6o6meHHoro 
MOflyjia rjia^,KOCTH, onpeflejiaeMoro npn noMoma OflHoro HecHMMeTpHHHOro onepa- 
Topa o6o6meHHoro c#Bnra. 

2. OlIPEflEJIEHHE OBOBllIEHHOrO MOflYJlH IVIA/IKOCTH 

06o3HanHM nepe3 L p , 1 < p < oo, mhojkcctbo cpyHKHHH /, H3MepHMBix no 
JIe6ery h cyMMHpyeMbix b p-vi CTeneHb Ha OTpe3Ke [—1,1], a nepes o6o3HaHHM 
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MHOJKecTBO cpyHKiniH, HenpeptiBHtix Ha OTpe3Ke [—1,1], npnieM 

(f^ 1 \f(x)\ p dx^j , ecjiH 1 < p < oo, 
max-KKi |/(»)|) ecjmp = oo. 

Hepe3 ip !Q 0603HaHHM MHOJKGCTBO CpyHKHHH /, TaKHX, HTO /(x)(l — X 2 ) a € ip, 

npnieM 

n/iu = ll/(«)(i-^ril P - 

Hepe3 E n (f) PtCC o6o3Ha x niM HanjiyHinee np^jniaceHiie cpyHKHHii / npH noMomii 
ajire6paHnecKHx MHoronjieHOB CTeneHH He Bbinie, HeM n — 1, b MeTpnice L p ^ ai T.e. 

E n (f) Pta = mf\\f-P n \\ pa , 

r^e P n — ajireSpannecKHH MHoronjieH CTeneHH He Bbinie, ieM n — 1. 

fljisi cyMMHpyeMofl cpyHKnnn / BBefleM onepaTop o6o6meHHoro c,n,Bnra no npa- 
BHjiy 

1 



tt(1 -x 2 )cos 4i 



/"■TT 

/ B cost (x,cos<p,R)f(R)d(p, 
Jo 



rfle 



R = x cos < — -\/l — x 2 sin i cos </j, 



£ y (x, z, i?) = 2( v 7 ! - a; 2 y + xzy/l - y 2 (2.1) 



+ y/l-x*(l-y)(l-z 2 )) -(1-R 2 ) 



Ilpn noMomn SToro onepaTopa o6o6meHHoro c/nMra onpeflejiHM r-io o6o6meH- 
Hyio pa3HOCTb no npaBHjiy 

Al(f,x)=A t (/,x)=f t (/,x)-/(x), 

A r ti _ tr (/, x) = A tr ( A; (/, x) , x) (r = 2, 3, . . . ). 

h, fljia cpyHKiniH / G £ p , Q , r-fi o6o6meHHBiH MOflyjit rjia^KOCTH no npaBHjiy 

w r (/,5) p ,a= sup ||A[ t (/,x)|| (r = 1,2,...). 

|t,|<i ' P ' Q 

3=1,2,. ..,r 

Ilojiaraa y — cos t, z = cos tp b onepaTope f t (/, x), o6o3HanHM ero nepe3 r y (/, a;) 
h 3annnieM b BH^e 

4 f 1 

T « (/ '^ = n(l-x 2 )(l + y) 2 J_ i B v <x,z,R)nR) : j=p, 

rpp i? n B y (x, z, R) onpeflejieHbi cpopivryjiaMH (|2.1D . 

Onpe,n;ejiHM r-ft onepaTop o6o6meHHoro c^BHra no npaBHjiy 

T y (/) X) = T y (/, x) , 

^,..., yr (/, i) = T Vr (-: ..[, (/, as) , x) (r = 2, 3, . . . ). 

06o3HanHM Hepe3 D I|I/i(J onepaTop /nicpcpepeHinipoBaHiiH, onpeflejiHeMtift no 
npaBHjiy 

rf 2 , , . . d 



5ICH0, HTO 



D K , Vtll - (1 - x 2 )j^ + {p-v-(v + n + 2 ) a; )^- 



da; ax 
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ByzjeM o6o3HanaTb 

Dl, v J{x) = D XiV ,„f(x), 

D r x ^f(x) = D x ^(D r x -lf(x)) (r - 2, 3, . . . )• 

By^eM nHcaTb, hto f(x) G AD r {p, a), ecnn / G £ p , a , /(a;) HMeeT Ha Kax^OM 

OTpe3Ke [a, 6] C (— 1, 1) a6cojiiOTHO HenpeptiBHyio 2r — 1 npoH3BOflHyio ^ x -i r -i f(x) 

afl^/WeV (i = 0,l,...,r). 
06o3HanHM nepe3 

^(/, 5)p, Q = inf (|| / - g\\ pta + S 2r \\D r x>2t2 g(x)\\ ) 

i4T-<pyHKu,HOHaji Tina neTpe, HHTepnojinpyioinHH Meacfly npocTpaHCTBaMii L Pta n 
AD r (p,a). 

,H,jih / € Li,2 o6o3HaiHM nepe3 H (/, ir) h iJ 5 (/, x) cjie,2ryioiinie onepaTopti 
H (/, X ) = -J\l- y 2 )- 3 J 1 (.f{z) - |) (1 - z 2 ) 2 dz dj,, 
r fl e ci = /^ 1 /(z)(l - z 2 ) 2 dz, c = - z 2 ) 2 dz; h 

Hsif > x)= W)l ( sin i) 1 ( C0S S 9 

x y f„ (/, x) (sin |) (cos |) ducfc, 

x(<5) = I ( sin i) 'Hi) 'I ( sin i)( cos i) 9 ^^- 

OnpeflejiHM r-yio CTeneHb onepaTopa H no npaBHjiy 
H 1 (f,x)=H(f,x), 

W (f,x) = H (JT-i jX ) = _ f(i _ y 2 ) -3 

Jo 

x 1 (V" 1 (/, z) - (1 - * 2 ) 2 (r = 2, 3, • ■ • )> 

rfle c r = /^ i? r_1 (/, z) (1 — z 2 ) 2 dz; h r-yio CTenent onepaTopa H$ no npaBHjiy 
Hj(f,x)=H s (f,x), 

HI (/, x) = ff 4 (^r 1 (/, *) , *) (r = 2, 3, . . . )• 

Byn,eM o6o3HaHaTb nepe3 Pn'^ix) (n = 0, 1, . . .) MHoronjieHM 5Iko6h, T.e. mho- 
roHjieHbi CTeneHH n opToroHajibHbie flpyr flpyry c bccom (1 — x) v (l+x)^ Ha OTpe3Ke 

[— 1, 1] H HOpMHpOBaHHbie yCJIOBHCM P^"'^(l) = 1 (n = 0, 1, . . .). 

Hepe3 a„(/) o6o3HanHM KOScpepnnneHTti <J>ypbe- 5Iko6h (pyHKnnn / G L1.2 no 

r (22) 1 00 

CHCTGMe MHoroHjiGHOB 5Iko6h 

Pn {x) ( , T.e. 

I J n=0 

«„(/) = j J{x)Pi 2 > 2 \x){l-x 2 fdx (n = 0,l,...). 
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3. BcnOMOrATEJIbHblE YTBEP>KflEHHfl 

JleMMa 3.1 ([4J). Ptycmt P n (x)-aAze6pauuecKuu MHOZ0HAen cmenenu ne eume, 
ueM n — 1, 1 < p < oo, /0 > 0; 

a > npu 1 < p < oo, 

P 

a > nptz p = oo. 
Tozda cnpaeedAueu nepaeencmea 

WK(x)\\ P , a+ ±<Cin\\Pn\\ p<a , 

\\P n \\ Pia <C 2 n^\\P n \\ pa+p , 
zde nocmojmnue C\ u C% ne 3aeucjtm om n (n £ N). 

CjieflCTBHe. nycmt P n (x) — aAze6pauuecKuu mhozohach cmenenu ne eume, ueM 
n — 1, 1 < p < 00; 

1 

a > — npu 1 < p < 00, 
P 

a > npu p = 00. 

Tozda 

\\D xa , 2 P n (x)\\ pa <Cn 2 \\P n {x)\\ pa , 
zde nocmojmnaji C ne 3aeucum om n (n € N) . 

JlonasameAbcmeo. Tax KaK, 

\\D Xt2 , 2 P n (x)\\ p>a < \\P;;(x)\\ Pta+1 + 6 ||i^(a0|| pja , 
to, npHMeHHH pp&iKjibi jieMMv [3~T1 nojiynaeM yTBep>KfleHHe cjieflCTBHH. □ 

JleMMa 3.2 (|6J). Onepamop t v o6jiadaem cAedytou^uMu ceoucmeaMu 

1) Onepamop r y (/, x) Auneen no f ; 

2) r 1 (f,x) = f(x); 

3) r y (p,?' 2) ,z) = P^ 2 \x)P^ A \y) (n = 0,1,. ..); 

4) T y (l,x) = l; 

5) a n (r„ (/,a;)) = a n (/)Pi°' 4) (z/) („ = 0, 1, . . . ). 

JleMMa 3.3 ([B]). Tlycmb g(x)r y (f,x) £ djw aw6ozo y. Tozda cnpaeedAueo 
paeencmeo 



f(x)r y (g, x) (1 - x'Y dx = / g{x) Ty (/, x) (1 - x 1 ) 1 dx 
-1 J-i 

JleMMa 3.4 ([5]). Flycmb danu uucAa p u a maKue, umo 1 < p < 00; 

— < a < 1 npu p = 1 , 

1 1 3 1 

1 — — <a<- — — npzz 1 < p < 00, 
2p 2 2p 

3 

1 < a < — npu p = 00. 

Tlycmb f £ L Pta . Tozda cnpaeedAueo nepaeencmeo 

\\r t (f,x)\\ Pia <C-^j\\f\\^ a , 

zde nocmosmnasi C ne 3aeucum om jut. 
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JleMMa 3.5 ([S])- Uycmt diynKuxisi /(x) uMeem a6coAwmno Henpepuenyw ho 
KajfcdoM ompe3Ke [a,b] C (—1,1) npouseodnyw f'(x). Tozda 3ak nonmu ecex 
x G [—1,1] eunoAnenu CAedywmxie paeencmea 



f t (/» - f(x) 

( Sin I) ( COS I) J Q ^ u ( Dx - 2 > 2 f> x "> ( sin |) ( C0S i) dM 



= - J 2 (sin |) (cos |) y" f„ (-Dx.2,2/, a;) (sin |) (cos |) du du. 

JleMMa 3.6. Ilycmb diynKuuti f{x) UMeem na KaotcdoM ompe3Ke [a,b] C (—1,1) 
a6coJiwmHO Henpepuenyw 2r — 1 npou3eodnyw jnr=i f( x )- Tozda 

1) 77pu qiuKcupoeanHOM y cjjyHKVALsi r y (/, x) UMeem na KaoKdoM ompe3Ke [c, <f] C 

(—1, 1) a6coAwmno Henpepuenyw 2r — 1 npou3eodnyw no x ^ x -i r -i T y (/, x). 

2) 77pw (fiuKcupoeannoM x dhynKuuK r y (/, x) UMeem na KaatcdoM ompe3Ke [c, d] C 

(—1, 1) a6coAwmno Henpepuenyw 2r — 1 npou3eodnyw no y £ i r -i T y 

3) noumu ecex x u y cnpaeedAueu paeencmea 

T y (D Xy2 ,2f, X) = D x .2.2T y (/, X) = D yfiA T y (/, x) . 

JIoKasameA'bcmeo. ^OKa»ceM yTBep»cfleHHe [T)j fljia r = 1 oho flOKa3aHO b pa6o- 
Te [5]. 06o3Ha T iHM 

= B y (x,z,R) 

(l-x^l+y) 2 ^/!^ 2 

iyje i? h B y (x, z, R) p&mA cpopMyjiaMH (|2.ip . IIpHMeHHH HHfly khhio , mo>kho ,n,OKa- 
3aTb, hto fljia £ = 1, . . . , 2r — 1 hmcgm 



^(x)=^(x) 



-/A: 



(1 + y) 2 VT^2 Z-^ ^-fc ! _ a-: 



fc 



^=1 ^i>->^„>0 j = l 

/^iH Yii v =k 

AHajiorHHHtiM paccyjKflemieM KaK b cjiy^ae r = 1 (cm. [6]) ,n,OKa3biBaeTCH, hto 
4>yHKn,Ha if^(x) a6cojiK)THO HenpepbiBHa Ha KajK^OM OTpe3Ke [c,d] C (—1, 1) (I — 
1, . . . , 2r — 1). Bocnojib30BaBHiHCb Teope-Moii JIe6era, npn cpHKCHpoBaHHbix y h z, 
nojiynaeM, hto cymecTByeT KOHeHHaa npoH3BOflHaa ^^F=r T y (/, x) — a6cojnoTHO 
HenpepbiBHaa Ha KaxflOM OTpe3Ke [c, d] C (—1, 1). 

Hcnojit>3yH CHMMeipiiHOCTb R no x h y, aHajiorn^HBiM paccyjK^eHHeM floxa- 
3biBaeTCH a6cojnoTHaa HenpeptiBHOCTb cpyHKHHH ^ y ± r -\ i~ y (/, x) npn (pHKcnpoBaH- 

HOM X. 

YTBepjKfleHHe [3)] ,noKa3aHO b pa6oTe [6]. 

JleMMa 61 j0Ka3aHa. □ 
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JleMMa 3.7. Ilycmb (^ywKuusi f{x) UMeem na KaatcdoM ompe3Ke [a,b] C (—1,1) 



21-1 



noumu ecex x 



a6cojiwmH0 Henpepuenym 21—1 npou36odnyw j-~zt=i f( x )- Tozda Oah 
u y cnpaeedAueu paeencmea 

r r Vu ..., Vr (It ' j- v) 1)',^ :h ;/.,•: (r = 1,2,...). 

/(oKaaameAbcmeo. Ilpn r = I = 1 paBeHCTBO jicmmm cjie,nyeT ira jieMMbi 13.61 

IlycTb I > 2, r = 1. 5Icho. hto D ~2 2J '( x ) HM eeT a6cojiK)THO HenpepbiBHyio Ha 
KaxflOM OTpe3Ke [a,b] C (—1,1) npoH3Bo;xHyio -j^D l ~2 2J "( x ) ■ IIoaTOMy, 113 jieM- 
Mbi 13.61 cjienveT. hto 

r Vl {D l x>%2 f,x) = D x , 2>2 t Vi {D l -y,x) . 
IIpHMeHHH 3to paBeHCTBO / pa3 nojiyHHM, hto 

3HanHT, paBeHCTBO jieMMbi cnpaBefljiHBO npn jno6bix I £ N h r = 1. 

TenepB, npHMemiH HHjxyKHino, HeTpyznro jjpKa3aTb yTBepjKfleHHe jieMMbi npn 
jno6bix HaTypajibHbix rsl. 

JleMMa T3 . 71 jOKa3aHa. □ 

JleMMa 3.8. Ilycmb danu uucAap, a u r manue, umo 1 < p < 00, r £ N; 

— < a < 1 npu p = 1, 

1 1 3 1 

1 — — <«<- — — npu 1 < p < 00, 
2p 2 2p 

3 

1 < a < — npu p = 00. 

Ilycmb g(x) £ AD r (p,a). fljiH < 5 < 7r cnpaeedAueo Hepaeencmeo 

^ (3 ' - c (co S s/2r 62r W D *,2M*)\\ p , a > 

gcte nocmosmnasi C nc 3aeucum om g u 5. 

/(oKaaameAbcmeo. /J,OKa»ceM CHanajia, hto npn |tj| < 7r (i = 1, . . . , r) cnpaBenxniBO 
HepaBeHCTBO 

IK,...* (9, *)\\ pa < U r C ' t j l ...4 ll^,2,2ffW|| p q , (3.1) 
llj=l Lut> 2 

rjre nocTOHHHaa: Ci He 3aBHCHT ot g h ij (i = 1, . . . , r). 
fljia r = 1 HepaBeHCTBO (|3.ip jj,OKa3aHO b pa6oTe [B]. 

IlpeflnojiojKHM, hto cnpaBefljiHBO HepaBeHCTBO (|3.ip . Tax KaK h npn jj,0Ka3a- 
TejibCTBe fljia r = 1, tojibko b3hb AJ" t (g, x) BMecTO </(#), ynHTbiBaa, hto h3 
jieMM [3"1)1 h 13.41 BbiTexaeT A£ t (g,x) £ AD r+1 (p,a), nojiyHHM 

^,U +1 (9,*) < -%T t2 r + l \\ D *^l,.,tr M\\ ■ 
P,a COS -Tp- p ' 

IlpHMeHSH jieMMv [3~T1 h npejxnojiojKeHHe jieMMbi, nojiynaeM, hto 

A^. 1 .,^, (9,x) < -%^tl +1 || (^, 2)29 ^)|| 

P,a COS p ' 

Ha ocHOBaHHH HH/i,yKH,HH, yHHTbiBaa, hto D x 2 ,2g{x) £ AD r (p, a), nojiynaeM, 
hto HepaBeHCTBO (|3.1|) cnpaBefljiHBO. 

IlepexoflH b (|3.ip k tohhoh BepxHeit rpaHH no BceM ti, \ti\ < S (i = 1, . . . ,r), 
nojiyHHM HepaBeHCTBO jieMMbi. 

JleMMa T3. 81 jQKa3aHa. □ 
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JleMMa 3.9. Uycmt damt hucjicl p u a maKue, umo 1 < p < oo; 

— 1 < a < 2 npu p = l, 

1 1 

< a < 3 npu 1 < p < oo , 

< a < 3 npw p = oo. 

Tozda ecAU f £ L p a , mo H (f,x) G L p ^ a . 

fl,oKa3ameAt>cmeo. HeTpynpo 3aMeTHTb, hto npn ycjiOBiiax jkmmbi / e L\ t i. 3ira- 
hht cym,ecTByeT H (/, x) . 

IJ,jih 1 < p < oo 0603HaHHM 

j = n# (/. *)C = /A - * 2 n# (/. *) r 



IlyCTB p = 1 . PaCCMOTpHM 

j 1= [\i-x 2 r\H(f, X )\ 

Jo 



JO JO Jj/ 



/(*)- 



£i 
CO 



dz dy dx. 



5Icho, HTO 



j!<Ci Ai-^r [ x (i-yr 3 f\±-zf 

JO Jo Jy 



/(*) 



£i 

Co 



dz dy dx. 



IIoMeHHB npe^ejiBi HHTerpiipoBaHiiH , yHHTBmaa, hto —1 < a < 2, hmgcm 



Co 



h<C\ f (1 - z) 
Jo 

= /'(l-z) 2 
a + 1 Jo 



f (l-yy 3 [ (1 - x) a dx dy dz 

JO Jy 



/(*) 



£l 
Co 



f \l-y) a - 2 dydz 
Jo 



<G, 



Ai-*) c 

Jo 



Co 



< C 2 



CO 



l,a 



IIocKOjiBKy / e Li iQ h a > — 1, to 



7i < oo. 



PaCCMOTpHM 



1 - ^)"|i7 (f,x)\dx 



(I-- 2 ) 



Ife onpeflejieHHH c\ h cq cjieflyer, hto 



yeT, HTO 

/V»V (/«- |)«i,-o. 



dy 



dx. 



II03TOMy 



Cl 



/(z)--i dz 



Co 



|"(l-z 2 ) 2 (/(z)-£l) ^. (3.2) 



OTCio/ja BBiTeKaeT, hto 



/ 2 <C 3 / (l + x) Q / (1 + y)- 3 / (1 + z) 



/(*) 



Cl 
CO 



dz dy dx. 
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MeHHH npe^ejibi iiHTerpupoBaHiiH nojiynaeM 



h < a 



+ zf 



/(*) 



£l 
CO 



J (l+y)- 3 J V (l + x) a dxdydz. 



OTCK>,n,a, aHajiorHHHbiM paccyjKfleHHeM KaK b npefltiflymeM cjiynae nojiynaeivi, hto 

I 2 < oo. 

TaKHM o6pa30M, npn p = 1 jj,OKa3aHO, hto 

J = 7i + I 2 < oo. 

3HanHT, H (f,x) <G il, a . 
IlycTb 1 < p < oo. HivieeM 



l# (/,*)!< f (1-2/T 3 /V-^ 2 ) 2 

PaCCMOTpHM 



/(*) 



£l 
CO 



dz dy. 



h= f\l-x 2 r\H(f,x)\Pdx. 
Jo 



IlycTb < x < 1. Bbi6epeM hhcjio 7 Taxoe, hto 

maxja- 3 + — , —2 — — > <7< min{0,a- 2}. 
I P P) 

IIpHMeHaH k BHeniHeiviy HHTerpajiy HepaBGHCTBO Fejitflepa, yHHTtiBaa, hto 7 > 
—2 — -, nojiynaeM 



\H(f,x) \P<C 4 J\l-yry^(l- 





M - ^ 


V 

dz > dy 




co 




s p-1 






<C B (1- 


x )p(-2-7 



[\1-yry\1-zf 


m - ^ 






CO 





IIpHMeHaH Tenept HepaBGHCTBO TejiBflepa k BHyTpeHHeMy HHTerpajiy, ynHTbiBaa, 

HTO 7 > Q! — 3 + -, HaXOJXHM, HTO 



\H(f,x)\*<c B o.-xy(- 2 -^- 1 [\i-yr 

Jo 



l (1- Z )P(«-T) 

Jy 



/(*) 



Cl 
CO 



d«|y 1 (l-«)( 2 - a+ T^<te| 



< C 6 (l - x)^- 2 -^- 1 I (l-y) P7 I (l-z) p ^-^ 
OTCK>jj,a nojiynaeM, hto 



m - ^ 

CO 



dz dy. 



h<C 6 [ 

Jo Jo 



V) 



x (1-z) 



p(a — f) 



/(*) - ^ 
CO 



cfe dy dx. 
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IIoMeHHB npeflejibi HHTerpiipoBaHHfl, y^HTbiBaa, hto 7<o-2h7<0, HMeeM 



h < C 6 / (1 - z) 





7 


co 


Jo 



(i - y) ? 



x / (1 ~ x)^ 01 - 2 -^- 1 dxdydz 



f (l-z) pa z 




p 

dz < C 7 
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CO 




CO 



PAX 



YHHTblBaH, HTO / € L p a H Cf > — ^ HMeeM 

7 3 < oo. 

0603HaHHM 

h = J a-x 2 r a \H(f,x) \ p dx. 
YHHTbiBaH paBeHCTBO p. 21) HMeeM 



H(f,x) = (l-y')- 6 (l~z 2 y f(z)~^ dzdy. 



Cl 



Cf) 



co 



dz dy. 



OTCio^a, npn — 1 < x < HMeeM 

|i?(/^)| p <C 8 ^ (l + 2/ )- 3 |^(l + z) 2 

PaccyjKflaa KaK h npn oueHKe -Z3, a hmchho npHMeHaa flBajKflbi HepaBeHCTBO 
Tejibflepa, noTOM MeHaa npeflejibi HHTerpnpoBaHHH , nojiyiHM, ^ito 

J4 < 00. 

Tenept 



^=ll^(/^)IIL = 7 3+^4< 



OO. 



TaKHM o6pa30M flOKa3aHO, hto npn \ <p<ooH(f,x)£ L Pi0 ,. 
IlycTb p = 00. 06o3Ha x iHM 

„2\a| 



IlycTb 
Tor,n;a 



J= max (l-xT\H (f,x) 

— Kx<l 



J x = me^(l-x 2 r\H(f,x)\. 

0<x<l 



Jl< maxfl-i 2 )" f (1-y 2 )- 3 [ (1 
" °<*<1 V 'Jo Jy 



,2\2 



m - f 

CO 



dz dy 



< 



f- 



£1 
co 



max(l-^) Q {l-y z )- 4 {l-z z y- a dzdy 



YHHTblBaH, HTO / G a , HMeeM 



Ji < C 9 max (1 - x) a / (1 - y)~ a / (1 - z)"~" dy. 

0<z<l JO Jy 

OTCK>,n,a, npn < a < 3, Haxo/niM 

Jl < do max (1 - x) a [ (1 - y)- a < 00. 

0<*<1 Jo 

IlycTb 

J 2 = max (l-x 2 ) Q |iJ (f,x)\. 

— Kx<0 
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Toiyja no aHajiornii c oueHKOii fljia J\ , yHHTbiBaa paBeHCTBO (|3.2p , HMeeM 



J 2 < 



f 



Cl 
CO 



-Ki<0 



max(l+x) Q / {l + y)- A {I + z) z - a dz dy < oo 



TaKHM o6pa30M, pjia p — oo BMTeKaeT, hto 

J = max{Ji, J2} < 00, 

T.e.H(f,x)eL 

00, a- 

jleMMa fe.ijl nojiHOCTbio ,n,OKa3aHa. 



□ 



JleMMa 3.10. Ilycmb danu nucJia p u a maKue, umo 1 < p < 00; 

1 o 1 

< a < 3 npu 1 < p < 00, 

p p 

< a < 3 npu p = 00. 

Tozda ecjiu f 6 £ PlCt , mo ^jr-ff (/, 2;) £ £p,a- 
/JoKaaameAbcmeo. H3 onpeflejieHHa _ff (/, x) HMeeM 



dz. 



IlycTb 1 < p < 00 H 



(1-X 2 ) C 



Al-z 2 ) 2 f/(*)-^) dz 

Jx V C / 



dx. 



CHanajia paccMOTpHM cjiy^ait p = 1 . PaccMOTpiiM 



fix 



<Ci (1 (1-z) 



/(*) 



£1 

CO 



dz dx. 



Mchhh npeflejibi HHTerpiipoBaHiiH , npii — l<a<2H/eLi jCt , HMeeM 

(1 -x) a ~ 3 dx dz 



h<d f{l-zf f(z)-^ [ 
Jo c Jo 



(\i-zT 


m - 1 


dz < C 2 




10 


Co 




CO 



< 00. 



IlycTb 



2\a-3 



(l-z 2 ) 2 [f(z) 



£1 

CO 



dz 



dx. 



AHajiorHHHO KaK h npn oueHKe I\, ynHTbiBaa paBeHCTBO (|3.2p . nojiy^HM 

I 2 < 00. 

H3 Toro, hto 1 1 <C 00 h I2 < 00, cjie^yeT, mo 

I = h +h < 00, 

T .e. £H(J,x) € L ha . 



O CBH3H MEJKflY r-HM OBOBLD;EHHbIM MOflYJIEM RJIAflKOCTH. 
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IlyCTb 1 < p < OO. PaCCMOTpHM 



h = / (1 - a; 2 ) p ( Q - 3 ) 



(l-zy\f(z) 



£l 
CO 



dz 



rfj; 



<C 3 (1 - a:)* ("" 3 ) / (1 - z) 



v 

dz )■ dx. 



CO 

IlyCTb a < 7 < 3 — -. IIpHMeHHH HepaBeHCTBO Tejit^epa, noTOM MeHaa npe,n,ejibi 
HHTerpupoBaHiiH, nojiy^aeM, hto 



CO 



h<C 3 I (1 - x) p( - a - 3 ^ I (1 - zf 

J (l-z) (2 - 7) ^Tdz| dx 



dz 
j-i 



C 4 / (1 - x)^ -^- 1 
) 

'/(*) 



/ (l-zf 7 






CO 



dz dx 



CO 



= C 4 / (1 - a)* 7 
Jo 

= C 5 I (1 - z)" Q 
Jo 

OTCio^a, yHHTtmaH, hto / € £ PjQ h a > — ^, HMeeM 



(l_a;)p(«-7)-i da . dz 



Co 



dz < C 5 



CO 



p. a 



h < OO. 



PaCCMOTpHM 



h = j° (i - x 2 ) p(a - 3) y (i 



- * 2 ) 2 ( /(*) 



£l 

CO 



dz 



dx. 



AHajioriiHHO KaK h npH oneHKe J3, yHHTbiBaa paBeHCTBO (|3.2p . nojryHHM 

I4 < 00. 

Tenepi. 

/ = h + h < 00. 

TaKHM o6pa30M ,noKa3aHO, hto npH 1 < p < 00 4zH (/, x) G £ p , Q . 
IlyCTb Tenepb p — 00. PaCCMOTpHM 

d 



J = max fl — x ) 

-i<i<i 



Ilpn a < 3 HMeeM 



0<a<l 

< 



dx 



H(f,x) 



x 2 ) a - 3 


C\ 




CO 


OO, 



max (1 — x ) 

-Kx<l 



(1 — z 2 ) 2 ( /(z) 



2\a-3 



Cl 



(1-z'f f(z)-- dz 



CO 



£1 

Co 



dz 



max (1 - a;)"" 3 / (1 - z) 2 ~" = C 6 

0<a;<l ' 



CO 



OTcro^a, npn / € Loot, sia>0 HMeeM 

Ji < 00. 
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AHajioniHHO, c Hcnojn>30BaHHeM prbghctbr p.2[) . npii / 6 Loo, a h < a < 3 
Haxo/niM, HTO 

(1-z 2 ) 2 (f{z)- dz <oo. 



J2 = max (1 — x 

-Ki<0 



2\a-3 



TaKHM o6pa30M 

J = max{ Ji, J2} < 00. 

3HaHHT j^ B (f x) £ Loo, a- 

JleMMa [3 . 1 01 jiOKa3aHa. □ 
JleMMa 3.11. Ilycmb f £ L\p. CnpaeedAueue cjiedymiu,ue paeencmea 
D l x , 2 , 2 H r (/, x) = H r -< (/, x) - (I = 1, . . . , r - 1) 

D r x . 2a H r {J,x)=J{x)- C -±, (3.3) 

c 

ade c,._ ;+1 = /2 X (1 - z 2 ) 2 H r -< (f,z) dz. 

/JoKaaameAtcmeo. /J,OKa»ceM CHanajia paBeHCTBO (|3.3[) . JXjisi r = 1 HMeeM 

Ar.2.2# (/>) = /(*)- -. 

c 

Tenept, yniiTBiBaa, hto no yTBepjKfleHiiii jicmmbi [3.91 cjieaveT H r (f,x) £ Li,z, 
paBeHCTBO (|3.3I) ,n,OKa3biBaeTCfl no HH^y kihih . 

H3 flOKa3aHHoro paBencTBa p. 31) cne/ryeT, hto ajih / = 1 , . . . , r — 1 HMeeM 

l ur 1 1 _\ 7-iZ ex' / et< — i t f „\ J\ _ ex' — i ( t „\ c ' — '+ 1 



^,2,2^ (/, *) = (/, l) , S) = IT"' (/ 



Co 

JleMMa \'S . 1 II aoKa3aHa. □ 

JleMMa 3.12. Ilycmb danu nucjiap, a ur maKue, umo I < p < 00, r £ N; 

1 o 1 

< ct < 3 npu 1 < p < 00, 

P P 

< a < 3 npu p = 00. 

Tosda ec/iu f £ L p ^ a , mo H r (/, a;) £ AD r (p, a). 

/JoKaaameAtcmeo. IIo jieMMe [3"U1 HMeeM. hto H r {f,x) £ L p ^ a . II3 ycjiOBHft jieMMbi 
cjie^yeT, hto / £ L1.2 h H r (/, x) £ Li.2- 3HaHHT, nocTOHHHtie c r [r — 1, 2, . . . ) b 
onpe^ejieHHH H r (/, a;) onpeflejiCHti. 

PaccMOTpHM CHanajia cjiynaii r = 1. IIo onpe^ejieHHio onepaTopa iJ (/, x) hcho, 
hto ^-ff (/, a;) — a6cojnoTHO HenpeptiBHaa cpyHKiniH Ha KaxflOM OTpe3Ke [a, b] C 
(—1,1). flajiee, H3 jieMMM \3. 1 II BbiTeitaeT. hto 

r>x, 2 , 2 ff (/,*) = /(*)--, 

CO 

h cjie^OBaTejibHO D x .2,iH (/, G Lp,a- H3 jieMM [3"H1 h 13 . 1 01 c jiejyeT. hto (/, x) £ 
L p>a . TaKHM o6pa30M, H (f,x) £ AD 1 (p,a). 

Tencpb. npHMCHSH tpopMyjiy JIcii6HHH;a h JleMMy 13.111 yTBep:sc,n,eHHe jieMMbi 
,n,OKa3biBaeTCH Ha ocnoBaHHn HH/ryKiniH. □ 

JleMMa 3.13. Ilycmb f £ L\ 2- Cnpaeedjiueu paeencmea 

H r s (Lx) = ^&s(H r (f,x),x) + ^ (r = l,2,...), (3.4) 
>f(o) r c 

zde 

' sin — ) ( cos — ) du dv. 



* {S)= l ( Sin I) \ C ° S l) 9 1 
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JJoKasameAbcmeo. ^OKcDKeM CHanajia paBeHCTBO (|3.4[) fljia r = 1. IIo jieMMe [3.111 
HMeeM 



f(x) = D Xi2t2 H {f,x) + -. 

CO 



II03TOMy 



H « {Lx) = W)Jo V Sin 2J l C0S 2J 

x ^ f u (fl^ff (/,*) + (sin |) (cos^) 9 



IIocKOjibKy H3 cbohctb onepaTopa t u (/, a;), OTMeHeHHbix b jieMMe [3~2l cjie^yeT, hto 

r u (d x ^ 2 H (/, x) + x] = f„ (£>x,2,2-ff (/, x),x) + -, 
\ c J c 



TO 



H * {Lx) = W)L v sin 2J r s 2J 

x y t'u ( d x,2,2H (f,x) ,x) (sin I) ( cos |) ducfo 



£l 
CO ' 



ilpHMenaH jieMMv l3~51 yHiiTMBaa, hto no jieMMe 13 . 1 21 cb vhkuhh H (/, x) HMeeT a6co- 
jiiotho HenpepbiBHyio Ha KaayjpM 0Tpe3Ke [a, b] C (—1,1) npoH3BO,i];Hyio 4-H (f, x), 
nojiynaeM 

H g (f,x) = -^-A g (H (f, x ),x) + X 

Tenept pjin jiro6oro HaTypajibHoro r cnpaBe/yinBOCTb paBeHCTBa (13.4[) flOKa3bi- 
BaeTCH HHflyKu,HH, irpiiMeHfls: jieMMBi r3.11[ 13.71 h 13.51 □ 

CjieflCTBHe. Ilycmb f € £1.2, mozda cnpaeedjiueu paeencmea 

D r x , 2 , 2 H r s (/, x) = ^y^ r S (/, s) (r = 1, 2, . . .). 
/JoKasameAbcmeo. Ho jieMMe 13.131 HMeeM 

>f(o) r c 

Tax KaK, H3 jieMMbi [3.121 BBiTexaeT H r (f,x) £ AD r (p,a), to no jieMMe 13~T1 nojiv- 
naeM, hto 



D r x>2 , 2 H r s (/, x) = _L-D; )2 2 AS (IT (/, 1) , x) 



' (D£, 2 , 2 7T (f,x),x) 



x{5) 

ilpHMCHSH JieMMv l3.il! HfiXOflHM 

Dl, 2 , 2 Hl (/, «) = A S (/ - |, ,) = -L. A r (/ , s) . 
Cjie/i,CTBHe /i,OKa3aHO. □ 
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JleMMa 3.14. Ilycmb danu uucAa p, a, r u 5 maKue, nmo 1 < p < oo, r G N, 
< S < tt; 

— < a < 1 npu p = 1 , 

1 1 3 1 

1 — — <a<- — — npu 1 < p < oo, 
2p 2 2p 

3 

1 < a < — npu p = oo. 

Ecjiu f G L Pt0l , mo (/, x) G AD r (p, a). 

/JoKasameAbcmeo. TaK KaK. b ycjiOBHHx jieMMbi HMeeM / G £1,2, to no jieMMe [5.13l 

M d ) c o 
Ilo jieMMe [5.121 iJ r ( f, x) G AD r (p, a). H3 jieMMbi |3"1)1 cjieaveT. hto Hg(f,x) hm6- 
eT a6cojiiOTHO HenpepbiBHyio Ha xaxflOM OTpe3Ke [a, 6] C (—1,1) npoH3BO,n;Hyio 
d x -ir-i Hg (f,x). IIpHMeHflH TeopeMy JleGera o npe,n,ejibHOM nepexo^e no,n, 3HaKOM 
HHTerpajia, HMeeM, hto pjisi I = 1, . . . , r 

DU 2 H r s (/, x) = — L_ AS (D l x ^ 2 H r (/, x) , 1) , 

T.e., onaTb no jieMMaM l3.13l n [^Bl D l x 2 2 _ffJ (/, x) — a6cojiiOTHO nenpepBrnnaa (pynK- 
nnfl Ha Kax^OM OTpe3Ke [a, 6] C (—1,1). 
H3 jieMMbi 13.111 pjisi I = 1 , . . . , r HMeeM 

< 2 ,2#I (/, x) = A r s {H r ~ l (/, x),x). 

Tenepb, npHMeHHH jieMMv [3~4l npn cpHKcnpoBaHHOM 5, yiHTbiBaa, hto no jieMMe [3T91 
H r ~ l (f,x) G L PyCn HMeeM hto D l x22 H r s (f,x) G £ p , a . 

CjieflOBaTejibHO, -ffj (/, x) G AD r (p, a). TeM caMbiM jieMMa [3 . 141 jOKa3aHa. □ 

JleMMa 3.15. Ilycmb danu HUCJiap, a u r maKue, nmo 1 < p < 00, r G N; 

— — < a < 2 npu p = 1, 

1 5 1 

-—<«<--— npu 1 <p< 00, 
2p 2 2p 

5 

< a < — npu p = 00. 

Ilycmb / G AD r (j>, a). Tosda cnpaeednueo Hepaeencmeo 

E n (f) p , a <C±\\Dl i2}2 f(x)\\ p>a , 

zde nocmosmnasi C ne 3aeucum om fun. 

JJoKasameAbcmeo. JJjm r = 1 jieMMa ^OKa3aHa b pa6oTe [6 J . 

IlycTb P n {x) — ajire6paHHecKHH MHoronjieH HaHjiynniero npn6jiH>KeHH!i (pyHK- 
inoi D x ^ 2 ^ 2 f{x), CTeneHH He Bbinie, neM n — 1. 51cho, hto MHoronjieH P n (x) mojkho 
npeflCTaBHTb b Bn^e 



IlycTb 



fc=0 v ' 
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Toiyja no ysce ,n,OKa3aHHOMy fljia r = 1 cjiynaio jieMMBi HMeeM [TJ c.171] 
E n {g) p ^<cA\\D x , 2a g{x)\\ pa 



.. 71— 1 

D x , 2 , 2 f(x)-*£\ k Pj; 2 ' 2 \x) 



fe=0 



w- • ■ ■ ■ 'p,< 

OTCio^a, yHHTbiBaa, hto f(x) — g(x) — ajire6paHHecKHH MHoronjieH CTeneHH He 
Bbiine, nem n — 1, nojiynaeM 

En(f) P ,a < E n (/ - g) p>a + E n (g) p a < C^E n (D x ^ 2 f) pa . 
TencpB. npHMCHSH sto HepaBCHCTBO r pa3, nojiyHHM, hto 

E n (f) P , a < C 2 -^E n (D^ 2 f) p a <C 2 ± \\D:^ 2 f( x )\\ pa . 
JIeMMa r3.15l jiOKa3aHa. □ 

4. OCHOBHblE yTBEP>KflEHHa 

TeopeMa 4.1. Ilycmb danu hucjicl p, a u r manue, nmo 1 < p < oo, r £ N; 

— < a < 1 npu p = 1, 

1 1 3 1 

1 < a < npu 1 < p < oo, 

2p 2 2p 

3 

1 < a < — npu p — oo. 

Ilycmb f £ L Pta . Tozda npu ecex S £ [0,7r) uMewm Mecmo nepaeeucmea 

Ci COS 4 - K r (f,5)p. a < U! r (f,5)p, a < C 2 - — ^^(/j^a, 

V 2/ (cos 4 1) 

zete ncuiocHcumeA&Hue nocmosmnue C\ u C 2 ne 3aeucsim om f u S. 
/(oKaaameAbcmeo. JXpn jho6oh (pyHKUHH g(x) £ AD r (j>,a) HMeeM 

Wr(/ 5 S) Pia < LO r (/ - g, 5) p a + LJ r (g , 5) p a . 
npHMenaa jieMMv HaxoflEM, hto 



"r (f-g,S) Pta <C 3 - ( — \\f-g\\ p , a 



(COS* 2y 



,H,ajiee, b cnjiy jicmmbi 



IIosTOMy 

&r{f,S)p, a < C* ( \ iV (\\f 9\\ p , a + 5 2r |K 2 , 2 <?0*)|| p J • 
[cos 2 J 

Ilepexofla b stom HepaBeHCTBe k tohhoh hhjkhch rpann no g(x) £ AD r (p,a), 
nojiynaeM npaBoe HepaBeHCTBO TeopeMti. 

fljia ^OKa3aTejibCTBa jieBoro HepaBeHCTBa pjm ,n,aHHOH apyHKinin / € L p ^ a pac- 

CMOTpHM CpyHKHHK) 

g s , r (x) = (l-(l-H r s Y)(f,x), 

r fl e l(f,x) = f(x). 



If) 
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H3 jieMMbi 13.141 cjie^yeT, hto H\ (f,x) e AD\ Pl a) (I e N). IIocKOJibKy 
l-(l-^) r =Ef^(-lW, 



fe=l v 7 

to, yHHTHBaa, hto AD kr (p, a) C AD r (p, a) (k = 1, . . . , r), nojiyqaeM, hto 

SV(aO € AD r (p,a). 

Ohchhm BbipajKeHHe 

||- D ^2,2ff<5,r(a:)|| Pja ■ 

^jih 3Toro, 3aMeHaeM, hto, nocKOJibicy Hg r ~ l (f,x) (k = 2, . . . , r; £ = 0, 1, . . . , r — 
1) HMeeT Ha Kaa^OM OTpe3Ke [a, 6] C (—1,1) a6cojnoTHO nenpepbiBnyio 2r — 1 
npoH3BOflHyio, to npHMCHSH CHanajia TeopeMy Jle6era o npeflejibHOM nepexo^e no,a, 
3HaKOM HHTerpajia, noTOM jieMMy 13.71 o6o6meHHoe nepaBe-HCTBO MnnKOBCKoro h, 
HaKOHeu,, jieMMy ET41 nojiynaeM, hto 



1 r / wx- 1 / «\- 9 

-— / sin - cos — 

/V« {Dl^H^- 1 (/, *) , 1) || pjQ (sin |) (cos |) 9 d W d V 



IlpHMeHaH 3to HepaBGHCTBO fe — 1 pa3, nojiyiHM, ^ito 

p ' (cos 4 1) 1 3 p ' 

TaK KaK, gs, r {x) npeflCTaBjraeT co6oii cyMMy HjienoB coflepjKamnx H kr (/, 2) 
(fc = 1, . . . , r), to no nocjieflHeMy HepaBencTBy HaxoflHM 

\\Dl,^9sA*)\\ p , a < Cs J (r _ 1} \\Dl^ s (f,x)\\ p!a . 

(COS 2 J 

IIpHMeHaH cjieflCTBne H3 jieMMbi 13.131 nojiynaeM 

l| ;,^,Mll P ,„<ft ^ ( J 4jr , r _ 1 , iiAn^)iu. 

JlerKO on,eHHTb, hto npn < <5 < ^ 

x(£) > C 9 (S 2 . 
OTCio/ja cjie^yeT, hto npn < S < 5 

^ 2r |fe,29*,r(a:)|L a < C10- xxrfr -» "r(/,g)p,a- (4-1) 

p ' (cos 4 f) 1 ] 

C flpyroii CTopoHbi 

||/(z) - 5 ^(x)|| p , Q = \\f(x) (1 - (1 - ff 5 T) (/,x)|| pitt 

= ||(l-flJ) r (/ > i)|| PiQ . (4.2) 

3aMeTIlM, HTO 

1 - HI = (1 - + ff 4 + ff£ + • • • + H r s ~ l ). (4.3) 
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Tenept, npiiMeHHa o6o6ineHHoe HepaBencTBO MiiHKOBCKoro h jieMMy 13.41 /jjih I = 
1 ..... r — 1 , HMeeM 



i^(^)iu^r( sin i)"( cos D 



k{5) 

u {H^ 1 (f, x) , x) \\ p>a (sin |) (cos |j cfo 



cos 4 § 



IIpHMCHaH 3to HepaBeHCTBO I pa3, nojiyuaeM, ITO 

( C0S 2 J 



riosTOMy, H3 paBeHCTBa (|4.3p . npHMerara o6o6meHHoe HepaBencTBO MiiHKOBCKoro , 
HMeeM, uto 

11(1 - m)(f,x)\\ P , a < Cis - 1 , ||(1 - H s )(f,x)\\ pia 

(cos 4 I) 

*n 1 /"V- "VV V Y 9 

< G13 r / sin— cos — 

" *(£)(co S 4f) r - 1 ./o V 2^ V 2^ 
||t u (/,x) - /(x)|| PiQ (sin -J ( C0S 2/ 

<gi4 ^ 1 _! sup ||A„(j»|| pQ . (4.4) 



(cos 4 f ) r 0<u<S 
IIpHMeHaH HepaBeHCTBO (|4.4[) . H3 paBeHCTBa (|4.2[) nojryuHM, hto 

H/W-5«,r(a:)||p jC , 

<Ci4 r sup II A, ((l-flT) , - 1 (/,s),a!)|| . (4.5) 

3aMeuaeM, uto mchhh npeflejiti HHTerpiipoBaHiiH nojiyuaeM 
n ( H s (f, x),x) = H s (f t (/, i) , x) . 
IIpHMeHaH 3to paBeHCTBO r pa3 nojiyuiiM 

T t (H r s (f,x),x)=H r 5 (T t (f,x),x). 

OTCIO/ja OHeBHflHO, hto 

A t ((1 - H r s )(f, x), x) = (l- H r 5 )(A t (/, x) , x). 

IIpHMeHaH CHaiajia 3to paBeHCTBO, 3aTeM HepaBeHCTBO (|4.5p . noTOM HepaBeH- 
ctbo (14.4(1 . nojiyuHM, hto 



\f(x) -gs, r (x)\\ 

<Ci 5 , -ki, sup sup ||A? lifa ((l-fljr a (/,x),z)|| 

(cOS 4 f) 1 J 0<ti<<5 0<i a <<5 



1 

1 
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Tenepb, npiiMeHHH r — 1 pa3 3Ty npone/rypy, nojiyniiM, ito 

\\f{x) ~ 9S,r( X )\\p, a < C 16- tr(r-l) SU P II A ii,-,*r (/> ^ lip,, 



2 ' z— l,...,r 



< CIS" r(r _ 1) ^(/, 5) P;Q! . 

(cos 4 I) 



TaKHM o6pa30M, /jjih < 5 < -|, H3 3toto HepaBeHCTBa h nepaBeHCTBa (|4.1[) 
cne/ryeT, ^to 



h = \\fix) - gsA x )\\ p , a + S ' 2r \\ D l,2,29sA x )\\ PtCI 



TeM caMHM ^,OKa3aHO jieBoe HepaBeHCTBO TeopeMbi fljia < 5 < ^ . 
IIocKOjibKy fljia \ < S < ir iiMeeM S 2 < ir 2 ■ 1 h 1 < 5 , to 



/ 5 < 7T 2 '-(||/(x) - ffi, r (x)|| piQ + 1 • |K 2 ,2Sl,r(*)|| p , Q ) 



1 



<Ci 8 W r (/, l) pQ <Ci 8 - ^lA t/i 8) PlCt . 

(cos 4 I) 

fljia <5 = JieBoe HepaBeHCTBO TeopeMbi TpiiBiiajibHO. 

HTaK fljia: jiio6oro < <5 < tt ,n,OKa3aHO jieBoe HepaBeHCTBO TeopeMbi. 

TeopeMa 14.11 nojiHOCTbio ,n,OKa3aHa. □ 

TeopeMa 4.2. Ilycmb danu hucacl p, a u r maKue, umo 1 < p < oo, r £ N; 

— < a < 1 npu p = 1, 

1 1 3 1 

1 < a < npzz 1 < p < oo, 

2p 2 2p 

3 

1 < a < — npu p = oo. 

Ilycmb f G Lp tCc . Tozda 3am aw6ozo namypaAbnozo n cnpaeedjiueu Hepaeencmea 

\ ' P,<* v —l 

zde noJiocHCumeJiwbie nocmosiHHue C\ u C% ne 3aeucsim om fun. 



/JoKaaameAtcmeo. fljisi jno6oii (pyHKHim g(x) G AD r (p, a), npiiMeHaa jieMMy [3.15l 

HM66M 

E n (f) P ,« < E n (/ - g) p>a + E n (g) pa < \\f - g\\ pa + C 3 ^ |K 2 , 2 s(z)|| p , Q , 

r^e nocTOHHHaa C3 He 3aBiiciiT ot g vl n. OTCiofla, nepexoflH k tohhoh HHJKHeii 
rpanbi no BceM g(x) € AD r (p, a), nojiyniiM 

E n (f) P .a<C 4 K r (f,-) . 

\ n Jp, a 

IlpiiMeHHfl TeopeMv l4.11 nojiynaeM, hto 
/ ] \ -r(r-i 
E n {f) p , a < C 5 cos 4 — ) u r ( /, i ) < C 6 u r ( /, i 



In, 

JieBoe HepaBeHCTBO TeopeMbi flOKa3aHO. 



p. a 



O CBH3H MEJKflY r-HM OBOBUIEHHMM MOAVJIEM PJIAflKOCTH. 



19 



flftK&iKeM npaBoe HepaBencTBO TeopeMM. ITycTB P n (x) ajire6paiiHecKHH MHoro- 
HjieH HaHjiy^iinero npiiGjiroKeHiis pjm f ', CTeneHH He BBinie, neM n — 1. HycTt fc 
Bbi6paHO Tax, hto 

2 fc < n < 2 fe+1 . 

H3 TeopeMBi l4.il yHHTbiBaa, hto P 2 k(x) £ AD r (p,a), cjie^yeT, hto 
£v (7,-^1 <C 7 fcos-^ K r (f,- 



2n, . „ 



< C 8 I £ 2 . (/) PiQ + ||^, 2 , 2 F 2 .(x)|| p Q 1 . (4.6) 



Tax KaK, 



k-i 

to npiiMeHHH r pa3 cneflCTBiie 113 jieMMti 13 - 1 1 nojiynaeM 

11^,2,2^ (*)|| piQ < C^ 2(U+1)r \\ P 2^ "ft-IU 

<2C 9 ^2^ +1 )^ 2 , (/) pja . 

IIosTOMy, yHHTbiBaa HepaBeHCTBO (|4.6D . 

^(/^) <^o^E 22( " +1) ^(/W- 

TenepB, saMe^aa, *rro ,h,jih 1/ = 1, . . . , k 

J=2— 1 



Haxo/piM 
\ n 



k 2"-l 



^^^(^(/W + E E r' l % (/)»«) 

p,a \ i/=l i=2»-i / 



1 n 

2r-l ; 



1 \ - 



i/=l 

TeopeMa 14.21 jOKa3aHa. □ 
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